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Abstract 

In this paper we consider rotating modified Hayward and rotating modified Bardeen black 
holes as particle accelerators. We investigate the center of mass energy of two colliding neutral 
particles with same rest masses falling from rest at infinity to near the horizons of the mentioned 
black holes. We investigate the range of the particle’s angular momentum and the orbit of the 
particle. We also investigate the center of mass energy for extremal black hole. 
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1 Introduction 

Collision of particles around black holes is very interesting topic in current astrophysical research. 
Recently, Banados, Silk and West (BSW) [I] have investigated the collision of two particles falling 
from rest at infinity into the Kerr black hole, which is known as BSW mechanism. They deter¬ 
mined the center of mass (CM) energy in the equatorial plane, which may be high in the limiting 
case of extremal black hole. Further Lake demonstrated that the CM energy of two colliding 
particles diverges at the inner horizon of non-extremal Kerr black hole. A general review of particle 
accelerator of black hole is discussed by Harada et al [1] . Wei et al [5] also investigated that the 
collision of two uncharged particles around Kerr-Newmann black hole, which properly depends on 
the spin and charge of the black hole. Liu et al [6] demonstrated that the collision of two parti¬ 
cles around Kerr-Taub-NUT black hole. Subsequently, Zakria and Jamil [7] investigated the CM 
energy of the collision for two neutral particles with different rest masses falling freely from rest 
at infinity in the background of a Kerr-Newman-Taub-NUT black hole. Till now, several authors 
[HiiiiiiniiiiiiiaiiaiiiiiisiiiTiiiEiiisiEo] have studied the collision of particles near black holes 
and CM energy for the colliding particles. 

It was argued that the CM energy of the colliding particles for the naked singularity diverges 
[211 EH [231 [24]. Due to gravitational collapse, any astrophysical object produces either space-time 
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singularity or naked singularity. Since we know that any classical black hole has a singularity. To 
avoid the singularity, Bardeen [25] proposed the concept of regular black hole, dubbed as Bardeen 
black hole and subsequently, another type of regular black hole (Hayward black hole) found |26j . 
Another kind of regular black hole is Ayon-Beato- Garcya (ABG) black hole [27j. Geodesic study 
of regular Hayward black hole has been discussed by Abhas et al [25|. The implication of rotating 
Hayward black hole is discussed in ref. [29]. Modified Hayward black hole metric has been proposed 
by Lorenzo et al m- Recently, Amir et al m studied the collision of two particles with equal 
masses moving in the equatorial plane near horizon of the rotating Hayward’s regular black hole 
(as particle accelerator). Also P. Pradhan [32| studied the regular Hayward and Bardeen black 
holes as particle accelerator. The GM energy of the collision for charged particles in a Bardeen 
black hole was studied in [33|. CM energy and horizon structure for rotating Bardeen black hole 
are also studied in ref |34j . We now extend the above works into rotating modified Hayward and 
rotating modified Bardeen black holes. The CM energy and the particles orbit are investigated for 
two colliding neutral particles of same rest masses falling from infinity into the above mentioned 
black holes. Next we discuss the extremal limits of the black holes. Finally we conclude the results 
for particle acceleration near the black holes. 

2 Rotating Black Hole Background 

The rotating black hole metric can be written as 

ds"^ = gudt^ + Qrrdr'^ + geedO'^ + g<j>,}>d(tP‘ + 2gt<j>dtd(l), ( 1 ) 
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In this paper we are interested to investigate two different but approximately similar black holes: 
rotating modified Hayward and Bardeen black holes where fhi and m 2 are different for them which 
are explained below. 
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2.1 Rotating Modified Hayward Black Hole 


The rotating modified Hayward black hole metric is defined in equation (JT]) provided fhi and m 2 
are given by [291 EH 


^3+Qy;-f 

mi = M -3-, 

m2 = M -^- j 

2 + 2 


(5) 


Here g^ = 2MP and g^ = where g and are positive constants, and I is a parameter with 
dimensions of length with small scale related to the inverse cosmological constant and also a and 
/3 are real numbers. It is easy to check that a = (3 = a = 0 yield to non-rotating Hayward black 
hole and fj, = 0 reduced to ordinary Hayward black hole. Horizon structure of rotating modified 
Hayward black hole given by grr = 00 from ([2]) which is exactly similar to the rotating Hayward 
black hole discussed by the Ref m- 


2.2 Rotating Modified Bardeen Black Hole 


The rotating modihed Bardeen black hole metric is defined in equation ([T]) provided mi and m 2 
are given by 


mi = M - 3 -, 

(^r3+«S-f + " 

rS+^y-f 

m 2 = M - 3- 


( 6 ) 


where, as before, I is a parameter with dimensions of length, a and (3 are real numbers, and g' is a 
constant parameter with mass dimension. Horizons of the black hole given by root of the following 
equation (denominator of grr to be zero), 

fT, + sin^ 9 = 0. (7) 


Using the equation ([ 6 |) we have 


A = 


2Mr^+“S-f 

-r = 0 . 

(^r3+«S-f +MPr3j:-^y 


( 8 ) 


Horizon structure of rotating modified Bardeen black hole given by the plots of Fig. [TJ We can 
see that for the suitable choice of parameters there are two horizons can be written as = r ± <5, 
where 0 < d < 0.5. The case of 0 = ^ is our interest, although values of a and (3 are not important. 
In this case, A vs r is plotted in Figs. [1] (a) and (b). On the other hand for the case of 0 = -^ we 
can see effect of a and [3 on black hole horizons in Figs. [T] (c) and (d). For example from red solid 
lines of Fig. [1] (a) and (b) we can see r+ ~ 1.1 and r_ ~ 0.5 for a = 1, /3 = 2 and a = 0.5 (Bardeen 
black hole). Also one can obtain ~ 1.65 and r_ ~ 0.9 with a = 1, (3 = 2 and a = 0.5 for the 
case of Hayward black hole. 
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Figure 1: A in terms of r for various values of I, a, a and /3 with M = 1, 9 = ^ ((a) and (b)), 
9 = ^ ((c) and (d)). (a) a = 1 and (5 = 2,1 = 0.5, a = 0 (blue space dot), a = 0.3 (cyan long dash), 
a = 0.5 (red solid), a = 0.7 (green dot), a = 0.8 (orange dash), (b) a = 1 and j3 = 2, a = 0.5, 
/ = 0.1 (blue space dot), I = 0.3 (cyan long dash), I = 0.5 (red solid), I = 0.6 (green dot), I = 0.7 
(orange dash), (c) a = 0.5, I = 0.5, a = 1, P = 0 (blue space dot), /3 = 0.8 (cyan long dash), (3 = 2 
(red solid), (3 = 2.8 (green dot), (3 = 3.6 (orange dash), (d) a = 0.5, I = 0.5, (3 = 2, a = 0 (blue 
space dot), a = 0.4 (cyan long dash), a = 1 (red solid), a = 1.6 (green dot), a = 2 (orange dash). 


3 The Center of Mass Energy 


In this section we consider motion of particles with the rest mass mo falling from infinity in the 
background of a rotating modified Hayward or Bardeen black hole. Hamilton-Jacobi equation 
governs geodesic motion of rotating modified Hayward or Bardeen black hole which can written as. 


^ __1 dS dS 
dr 2^ dx>^ dx’^' 


(9) 


where r is an affine parameter along the geodesics, and S is the Jacobi action, so one can consider 
the following ansatz naEi], 


S = -jTn^T - Et + L(j) + Sr{r) + Se{9), 


( 10 ) 


where S'r(r) and S0{9) are functions of r and 9 respectively. Since equatorial motion [9 = ^) is 
assumed, so S0{9) = C is possible choice, where C is arbitrary constant. Moreover, E = —Pt 
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and L = Pif) are conserved energy and angular momentum respectively. One can obtain the null 
geodesic in the following forms: 



aL{l - hf) 


a^E{f -2) + ET. 


( 11 ) 


and 


where 
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and dot measures the derivative with respect to the parameter r. Using the Hamilton-Jacobi 
equation ([9]) and relation (flOl) . one can obtain, 
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It is easy to find, 


R{r) = 


2ELa{l - hf) - U2(o2(/- 2) - S) - L^hf 

^ + /S [_ ^ 


- mt 


(17) 


So, we have, 

r=^-^R{r). (18) 

Therefore, we have all non-zero 4-velocity components given by equations (Hip . (jl2p . and m- 
Hence we are able to obtain center of mass (CM) energy of two neutral particles collision near the 
rotating modified Hayward or Bardeen black hole. We suppose that the two particles have the 
same rest mass (mo) with the angular momentum per unit mass Li, L 2 and energy per unit mass 
Hi, H 2 , respectively. In that case CM energy is given by. 


e = Ecm 




(19) 
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where uf = (tj, r*, 0,0*), i = 1,2 (since for equatorial plane 0 = 7 r/ 2 , so0 = O) and Ecm = 
EcmV^i^o- After some calculations we can find, 

Ecm = ^{f+ ^EiL 2 + BE1E2 + C{EiL 2 + E2L1) - H1H2) , ( 20 ) 

where 

^ = a^fh{fh + ph-ph^-l)-ph^E, 

B = fhpU-2)-Tp + a\l-rh)[a\f-2)-E], 

C = a(l-/h)(a2(l-/h)-/h[a2(/-2)-S]), (21) 

and 

H, = - 2a(l - fh)EiLi + [a^{f - 2) - E]Ef + fhLl i = 1,2. (22) 

We give numerical analysis of Ecm given by the equation (l20l) for both cases of rotating modified 
Hayward and Bardeen black holes. Prom plots of the Fig. El we can see that for some cases of 
rotating modified Hayward, the CM energy has inhnite value. On the other hand it has finite 
constant value. From Figs. El (a) and (d) we can see that = 0 or Li = 0 yields to inhnite CM 
energy at horizon which is expected result. On the other hand, from Figs. El (a) and (b) we can see 
that El = E 2 and Li = L 2 give constant CM energy with hnite value. Fig. El (c) shows variation 
of CM energy in terms of rotational parameter a. We can see that, inhnitesimal a may give inhnite 
CM energy. 

Near horizon limit r —>■ r_|_ tells that, 

^|r^r+ = (^ - 1)(^/^ - a^)- (23) 

Therefore, CM energy will be inhnite if we have h = 1 or hp = a^. From green dotted line of Fig. 
El (a) we can see inhnite CM energy near inner (r_ ~ 0.9) and outer (r_ ~ 1.65) horizon. Also, 
in the case of Bardeen black hole we can see from Fig. El (d) and (e) that the CM energy will be 
inhnite. 


4 Particles Orbits 


In order to specify the range of the particles angular momentum, we should calculate the effective 
potential for describing the motion of the test particles. In the equatorial plane {6 = 7r/2), the 
radial equation of motion for the time-like particles moving along the geodesic is described by 

^^' + K// = 0 (24) 

which gives the effective potential. 


Veff = - 
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(a) Hayward 


(b) Hayward 


(c) Hayward 



Figure 2; e = Eqm in terms of r for a = 1 and (3 = 2 with M = 1, I = 0.5, fi = = 1 and 0 = f • (a) 

a = 0.5, Li = L 2 = 2. El = E 2 = 1 (red solid), Ei = 2, E 2 = 1 (blue dash), Ei = 0, E 2 = I (green 
dot), El = 0A,E2 = 1 (orange dash dot), (b) a = 0.5, Ei = E 2 = 2. Li = L 2 = 2 (red solid), 
Li = 0, L 2 = 2 (blue dash), Li = — 2 ,L 2 = 2 (green dot), Li = 1 ,L 2 = 2 (orange dash dot), (c) 
El = 1,E2 = 2, Li = 2, L 2 = —2. a = 0 (red solid), a = 0.2 (blue dash), a = 0.4 (green dot), a = 1 
(orange dash dot), (d) g = 0.5, a = 0.5, Li = L 2 = 2. Ei = E 2 = 1 (red solid), Ei = 2, E 2 = I 
(blue dash), Ei = 0, E 2 = 1 (green dot), Ei = 0.4, £^2 = 1 (orange dash dot), (e) g = 0.5, a = 0.5, 
El = E 2 = 2. Li = L 2 = 2 (red solid), Li = 0,^2 = 2 (blue dash), Li = — 2 ,L 2 = 2 (green dot), 
Li = 1, L 2 = 2 (orange dash dot), (f) g = 0.5, Ei = 1, £2 = 2, Li = 2, L 2 = —2. o = 0 (red solid), 
a = 0.2 (blue dash), a = 0.4 (green dot), a = 1 (orange dash dot). 


where we have used (I17jl and (jl8p . The circular orbit of the particles obtained using the following 
relations, 

Veff = 0, (26) 


and 


W = 


dVeff 

dr 


= 0 . 


(27) 


The first condition (j26l) satisfied at black hole horizon. In the Fig. [3] we can see the behavior of 
W to satisfied the condition. For the unitary values of a and £ we can see that condition (j27p 
satisfied for the modified Hayward black hole with negative L (see Fig. [3] (a)). In the other plots 
(Fig. [3] (b) and (c)) we can see effect of a and £. On the other hand Fig. [3] (d), (e) and (f) show 
that rotating modified Bardeen black hole has no restriction for negative L. For any values of L 
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Figure 3: W = in terms of r for a = 1 and (3 = 2 with M = 1, I = 0.5, g = 0.25 and 

6 = ^. Upper plots drawn for Hayward black hole and lower plots drawn for Bardeen black hole. 
(a.) a = I, E = 1, L = —2 (blue dash dotted), L = —0.4 (green dot), L = 0 (red solid), L = 0.02 
(orange dash), (b) a = 1, L = —0.4, E = 0 (blue dash dotted), E = 0.8 (green dot), E = 1 (red 
solid), E = 1.2 (orange dash), (c) E = 1, L = —0.4. a = 0 (blue dash dotted), a = 0.2 (green 
dot), a = 0.6 (red solid), a = 0.8 (orange dash), (d) a = 1, E = 1, L = —2 (blue dash dotted), 
L = —0.4 (green dot), L = 0 (red solid), L = 0.8 (orange dash), (e) a = 1, L = —0.4, E = 0 (blue 
dash dotted), E = 0.8 (green dot), E = I (red solid), E = 1.2 (orange dash), (i) E = 1, L = —0.4. 
a = 0 (blue dash dotted), a = 0.2 (green dot), a = 0.6 (red solid), a = 0.8 (orange dash). 


we have particle circle. 

5 Extremal Limit 

It may be interesting to study solution at the extremal limit where (5 = 0 and r_|_ = r_. It will be 
obtained using appropriate choice of a, (3 and a. For example, extremal limit of rotating modified 
Hayward black hole may given by a = 1, /3 = 2 and a = 0.65 (other parameter fixed as previous), 
in that case = r_ ~ 1.25. Also extremal limit of rotating modified Bardeen black hole may 
given hy a = 1, (3 = 2, g = 0.5 and a = 1.22 (other parameter hxed as previous), in that case 
r_|_ = r_ ~ 0.6. It is clear from Fig. [3]that inhnite CM energy near the black hole horizon will be 
obtained for both Hayward and Bardeen black holes.. 
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Figure 4: e = Eqm in terms of r for a = 1 and (5 = 2 with M = 1, I = 0.5, ^ = z/ = 1 and ^ = f • 
(a) extremal (a = 0.65) rotating modified Hayward black hole. Li = L 2 = 2, Ei = 1, E 2 = 2 (red 
solid), Li = —2, L 2 = 2, El = 1, E 2 = 2 (blue dash), L 2 = —2, Li = 2, E 2 = 1, Ei = 2 (blue 
dash), (b) extremal (a = 1.22) rotating modihed Bardeen black hole. Li = L 2 = 2, Ei = 1, E 2 = 2 
(red solid), Li = 0, L2 = 2, Ei = 1, E 2 = 2 (blue dash), L 2 = —2, Li = 0, £"2 = 1, Fli = 2 (green 
dot) 

6 Conclusions 

In this work, we have assumed two types of regular black holes i.e., rotating modified Hayward 
and rotating modified Bardeen black holes as particle accelerators. Horizon structure of rotating 
modified Hayward black hole given by Qrr = 00 which is exactly similar to the rotating Hayward 
black hole discussed by the Ref m- Horizon structure of rotating modified Bardeen black hole 
given by the plots of Fig. [TJ Figs. 1(a), 1(b) show A vs r for 6 = 7r/2 and Figs. 1(c), 1(d) show 
A vs r for 6 = tt/G. We have investigated the the center of mass (CM) energy of two colliding 
neutral particles with same rest masses falling from rest at inhnity to near the horizons of the 
mentioned black holes. Figs. 2(a)-(f) show the CM energy vs r for rotating modified Hayward 
and Bardeen black holes for different cases. We have also investigated the range of the particle’s 
angular momentum and the orbit of the particle. Figs. 3(a)-(c) and Figs. 3(d)-(f) also show W 
vs r for rotating modihed Hayward and Bardeen black holes respectively. We have also studied 
CM energy corresponding to extremal black holes and obtained inhnite CM energy for appropriate 
black hole parameters and shown in the hgures 4(a)-(b). 
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